Let M be a compact manifold. We show that any homomorphism from Homeo(M ) to any separable group is necessarily continuous. This answers a conjecture of Rosendal.
K ⊂ M , the restriction of φ to the subgroup of homeomorphisms with support contained in K is continuous.
Although our proof of Theorem 1.4 does not show that Homeo 0 (M ) is Steinhaus when M is not cocompact (nor does it directly apply to the group of compactly supported homeomorphisms Homeo c (M )), it can be used to show that whenever K ⊂ M is a compact set, there is a constant k (depending on K) such that whenever countably many left translates of some set W cover Homeo(M ), then a neighborhood of the identity in {g ∈ Homeo(M ) : supp(g) ∈ K} is contained in W k . This, together with the proof of Proposition 1.3 implies the following. Corollary 1.6. Let M be any manifold, H a separable group, and φ : Homeo 0 (M ) → H a homomorphism. Then φ is weakly continuous.
Consequences of automatic continuity for homeomorphism groups, additional transformation groups that satisfy automatic continuity, and further applications are discussed in forthcoming work [4] .
Preliminaries
This section contains the necessary background to carry out the proof of Theorem 1.4. It starts with basic results on groups of homeomorphisms and the Steinhaus property, and ends with a lemma on constructing good covers of a compact manifold M .
The structure of Homeo(M)
We introduce some algebraic and topological properties of Homeo(M ). Most of the material here is standard.
I. Topology
Let M be a compact manifold with a Riemannian metric. The C 0 norm on Homeo(M ) is defined by f := max{dist(x, f (x) : x ∈ M }. The induced metric on Homeo(M ) is complete, and the induced topology is independent of the Riemannian metric on M . For the rest of this paper, we assume all manifolds M are equipped with a Riemannian metric.
II. Fragmentation
The well known fragmentation property states that a homeomorphism can be "factored" into smaller ones. Definition 2.1. A group G ⊂ Homeo(M ) has the fragmentation property if, given any open cover {E 1 , ..., E m } of M , each g ∈ G can be factored into a finite product g 1 •g 2 •...•g n where each g i is supported in a single set E ki of the cover.
Recall that the support of a homeomorphism f , denoted supp(f ), is the closure of the set {x ∈ M | f (x) = x}. We will need the following uniform local version of fragmentation.
Definition 2.2 (local fragmentation)
. A group G ⊂ Homeo(M ) has the local fragmentation property if the following holds. Given any finite open cover {E 1 , ...E m } of M , there exists a neighborhood U of the identity in G such that each g ∈ U can be factored as a product Proof. This is shown in the proof of Corollary 1.2 of Edwards and Kirby [2] .
III. Perfectness
It is also well-known that the group of homeomorphisms of a compact manifold is perfect, meaning that any homeomorphism can be written as a product of commutators. We will use the following uniform version of this property for homeomorphisms supported on subsets of M. Proof. This result is "folklore", the earliest proof known to the author is the following argument of Anderson [1] . Suppose that supp(f ) ⊂ B. Since supp(f ) is compact and B open, there exists b ∈ Homeo 0 (M ) with supp(b) ⊂ B and for any m = n, b
Steinhaus groups
We sketch a proof that the Steinhaus property implies automatic continuity, as well as an important property of a set W as in the definition of Steinhaus. Both of these are observations of Rosendal and Solecki in [6] , included here for the convenience of the reader.
Proof of Proposition 1.3 (Steinhaus implies automatic continuity, [6] ). Let G be a Steinhaus group, H separable, and φ : G → H a homomorphism. We show that φ is continuous at the identity in G, i.e. if U is a neighborhood of the identity in H, then φ −1 (U ) contains an open set. Given a neighborhood of identity U ⊂ H, take a smaller neighborhood of the identity V such that V 2n ⊂ U , where n is the Steinhaus exponent of G. Since H is separable, countably many left translates
2 . It follows that countably many trans-
Lemma 2.5 (density lemma, see [5] ). Let G be a completely metrizable topological group and let W ⊂ G be a set such that countably many translates of W cover G. Then W 2 is dense in a neighborhood of the identity in G.
Proof. This follows from the Baire category theorem. Since G is a Baire space, it cannot be covered by countably many nowhere dense sets. Thus, W is dense in the neighborhood of some g ∈ G, and since W = W −1 , it follows that W 2 is dense in a neighborhood of the identity.
Of course, improving "dense in a neighborhood of the identity" to "contains a neighborhood of the identity" is a nontrivial matter.
Efficient covers of a manifold
Let M be a compact manifold. In this section, we will describe how to construct an efficient cover of M by open sets, each consisting of a union of disjoint metric balls. This is an important ingredient in the proof of Theorem 1.4.
Let B(r, x) denote the open ball of radius r about x ∈ M . Recall that for ǫ > 0, an ǫ-net is a finite set of points {x 1 , ...
Define a ǫ-net cover of M to be any set of balls {B(ǫ, x i )} such that the union of the centers {x i } forms an ǫ-net. Given an open cover {E i } of M , the dual graph of the cover is the graph with vertex set {E i } and an edge between E i and E j whenever E i ∩ E j = ∅. Lemma 2.6. There exists ǫ 0 > 0 and m = m(M ) ∈ N such that, for every ǫ < ǫ 0 , the dual graph of any ǫ-net cover of M has degree < m.
Proof. Let ǫ > 0, and let {B(ǫ, x i )} be an ǫ-net cover. If there is an edge between {B(ǫ, x i )} and {B(ǫ, x j )} in the dual graph, then x j ∈ B(2ǫ, x i ). Since B(ǫ/2, x i ) ∩ B(ǫ/2, x j ) = ∅, the degree of the vertex {B(ǫ, x i )} is bounded above by
Since M is compact, the limit of this ratio as ǫ → 0 is bounded, and we can also take this bound to be independent of the point x i .
Any graph of degree less than m admits a proper coloring with m colors. (In fact, this is the bound given by the greedy coloring). As a consequence, we have the following. Lemma 2.7. Let m and ǫ 0 be the constants from Lemma 2.6. For all ǫ < ǫ 0 , any ǫ-net cover of M can be partitioned into m subsets, each consisting of a disjoint union of balls.
Proof of Theorem 1.4
Our strategy is to first prove a Steinhaus-like property for homeomorphisms supported on small balls, then use fragmentation with respect to an efficient cover of M to improve this to a global result.
Rosendal's lemmas: homeomorphisms with small support
Let M be a compact manifold, and let W ⊂ G be such that countably many left translates k 1 W , k 2 W , k 3 W ... cover G. Our first goal is to show (roughly) that diffeomorphisms with sufficiently small support belong to W n , for some n ∈ N. The meaning of "sufficiently small support" will depend on W , but the constant n will depend only on the manifold M .
We do this through a series of lemmata, closely following Rosendal's work in Section 2.2 of [5] . Since we are able to make some simplifications to the set-up of the argument, we have thought it worthwhile to give a complete exposition here.
The first lemma is a very rough "approximate" version of our end goal. It states that in any neighborhood of any point of M , we can find an open ball so that all diffeomorphisms supported on that ball are restrictions of elements of W 2 .
Lemma 3.1. Let B ⊂ M be an embedded ball. There exists a ball B ′ ⊂ B such that for every f ∈ G with supp(f ) ⊂ B ′ , there is an element w f ∈ W 2 with supp(w) ⊂ B and the restriction of w f to B ′ agrees with f .
Proof. Let B ⊂ M be an embedded ball. As a first step, we prove a similar statement for left translates k i W instead of W 2 .
Claim 3.2. There exists a ball B ′ ⊂ B, and a left translate k i W such that if f ∈ G has supp(f ) ⊂ B ′ , then there exists w f ∈ k i W such that supp(w f ) ⊂ B and such that the restriction of w f to B ′ agrees with f .
Proof of claim. Let B i , i = 1, 2, ... be a sequence of disjoint balls with disjoint closures and with the closure of
We will show that for some i, every f ∈ Homeo 0 (M ) with supp(f ) ⊂ B i agrees with the restriction of an element of k i W supported on B.
Suppose for contradiction that this is not the case. Then there is a sequence f i ∈ G with supp(f i ) ⊂ B i and such that f i does not agree with the restriction to B i of any element of k i W supported on B. Define a homeomorphism g(x) by
Since the translates of W cover Homeo 0 (M ), there is some k i such that g ∈ k i W . But by construction g restricts to f i on B i -this gives a contradiction and proves the claim.
To finish the proof of Lemma 3.1, let B ′ ⊂ B be the ball given by Claim 3.2. Let f ∈ G satisfy supp(f ) ⊂ B ′ . Then f is the restriction to W of some w 1 ∈ k i W . Since id ∈ G has trivial support, Claim 3.2 implies that there exists some w 2 ∈ k i W restricting to the identity on B ′ , so
Furthermore, supp(w) ⊂ B and w f restricted to B ′ agrees with f .
Lemma 3.1 has the undesirable conclusion that elements near the identity with small support were restrictions of elements of W 2 . We remove this condition now, at the cost of increasing 2 to a larger constant, by using a trick with commutators. By running the same argument as above on many balls simultaneously, we can prove the following stronger version of Lemma 3.3. Proof. First, we modify Claim 3.2 as follows. 
Finishing the proof
To finish the proof, we will improve the local result of Lemma 3.4 to a global result by using fragmentation with respect to an efficient cover as described in Section 2. Let M be a compact manifold, and let W ⊂ Homeo 0 (M ) be such that countably many translates k 1 W, k 2 W, ... cover Homeo 0 (M ). By Lemma 2.5, there exists ǫ > 0 such that W 2 is dense in the set {f ∈ Homeo 0 (M ) : f < ǫ}. Without loss of generality, we may assume also that ǫ < ǫ 0 , where ǫ 0 is the constant given by Lemma 2.7.
Using Lemma 2.7, consider an ǫ/2-net cover of M , partitioned into m = m(M ) disjoint subsets E 1 , E 2 , ...E m . Each set E i consists of a finite union of disjoint ǫ-balls, say B i f i w i ∈ W 8 which implies that f i ∈ W 12 . It follows that f ∈ W 12m , as claimed. Since m depended only on M , this shows that Homeo 0 (M ) is Steinhaus.
